Our Friend the Logarithm

The logarithm of a number, N, is the power to which a base, 10,

must be raised to give N. For example, 1000 = 10 x 10 x10 = 108, [N Log N
so the log of 1000 is 3. 100 = 10° so its log is 2. Here is a short 1000 3
table of logs. Notice the logs of N>1 are positive and logs for 100 2
positive fractions are negative. The log of a negative number is | 10 1
undefined. 1 0

0.1 -1
Finding the log of a number is finding the power to which 10 must | 0.01 -2
be raised to give that number. 0.001 |-3

Taking the antilog means, given a log, what number corresponds to it. The anti-log of 3
is 1000 just as the log of 1000 is 3.

It is apparent that certain mathematical operations are possible with logs and antilogs.
For example, to multiply two numbers, add their logs, then take the antilog.

That is, the log of N x M = log N + log M.

For example, to multiply 100 x 0.1 you could say 100 x 0.1 = X, and the log of X =log N
+ log M. This would give log X = (2 + -1) = 1. If the log X = 1 X= antilog of 1 which is
10. We can see by inspection that this is the correct answer because 100 x 0.1 is
certainly 10. Needless to say, things can get more complicated.

Another simple observation is that log N = -log (1/N). For example if N =100 it is clear
that its log is 2. The log of (1/N =1/100=0.01) is —2 and we can see that the relation is
true, since 2 = -(-2).

Now the table above, and our examples have all been simple, since we restricted
ourselves to number that were simple powers of 10. Most numbers are not like that.
From the table it is clear that log 1 =0 and log 10 =1, so nhumbers like 3 must have logs
that are greater than O but less than 1. What are they? Well, some smart guys have
figured that all out and put the logs in more detailed tables and into your calculators, so
in some sense you only need to work with them. It is easy to get an idea of how the
logs for numbers between 1 and 10 were discovered though.

A little reflection will reveal that the log of the square root of 10, that is 3.162... must be
0.5. The reason is clear. We know from above that if we multiplied 3.162 x 3.162 it
must give 10 and we know the log 10 must = log 3.162 + log 3.162. Since the log 10 is
1, the other two logs must each be 0.5 so they can sum to 1.0. In the same way, the
cube root of 10, that is 2.154... must have a log =0.3333... and the fourth root, 1.778,
must have a log = 0.25. Now we could fool with these to get more. For example,
multiply 3.162 x 2.154 to get 6.182, and we know IT’S log must be 0.5 + 0.333 = 0.833.
You can fiddle around like this to get as many logs as you want, but if you simply PLOT



the data we have so far, you get a decent log curve, 08 |
shown below. You could, in principle, read off the logs
from this curve.

Usually, logs for numbers between 1 and 10 are
tabulated, as shown below. The integers are down the 02
left side, fractions across the top, and each cell contains
the log, with an implied decimal point. For example, log
2 =0.301, the log 3 = 0.477 , and the log 6.4 is 0.806.
This information is also stored, or generated, in your

calculator.
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You can use this to find the log of any
number. For example, what is the log of
330? The table above shows that N,
300, lies between 100 1000 so its log
must be greater than 2 but less than 3,
but what is it? Well, 300 = 3 x 100 so the
log of 300 =log 3 +log 100 =0.477 + 2.0
= 2.477. Thatis 300 = 104"

To take the antilog of 2.477 break it into an integer and a fraction (mantissa) which is
the log of a number between 1 and 10. That is 2.447 = 2 + 0.447, the separate antilogs
are 100 and 3 respectively so the antilog must be 100 x 3 = 300. Your calculator is so
smart it will just take the antilog of 2.447, so you don’t have to worry about it.

In chemistry we often take antilogs of negative logs. For example, we might know pH =
-log [H'] = 2.7. But what is [H']? Well, -log [H] = 2.7 so log [H'] = -2.7. From the first
short table that means [H'] lies between 0.001 and 0.01. To be more specific take
antilog of —2.7. This is no trouble for your calculator. By hand, we need to convert —2.7
to an integer and a positive fraction, and that will be -3 + 0.3. The antilog of 0.3 is 2
(from table above) and antilog of —3 is 10 . Therefore the antilog of —2.7 is 2x107 =

[H].



